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Recently Glavan and Lin [Phys. Rev. Lett. 124, 081301 (2020)] formulated a novel Einstein-
Gauss-Bonnet gravity in which the Gauss-Bonnet coupling has been rescaled as α/(D − 4) and the
4D theory is defined as the limit D → 4, which preserves the number degrees of freedom thereby
free from the Ostrogradsky instability. We present exact spherically symmetric nonstatic null dust
solutions in the novel 4D Einstein-Gauss-Bonnet gravity that bypasses the Lovelock theorem. Our
solution represents radiating black holes and regains, in the limit α → 0, the famous Vaidya black
hole of general relativity (GR). We discuss the horizon structure of black hole solutions to find
that the three horizon-like loci that characterizes its structure, viz. AH , EH and TLS have the
relationship rEH < rAH = rTLS . The charged radiating black holes in the theory, generalizing
Bonnor-Vaidya black holes, are also considered. In particular our results, in the limit α → 0,
reduced exactly to vis-a`-vis 4D black holes of GR.
PACS numbers: 04.20.Jb, 04.70.Bw, 04.40.Nr, 0.4.70.Dy
I. INTRODUCTION
Lovelock theory of gravity, a natural generalization of Einstein’s general relativity (GR), was introduced by David
Lovelock [1], and is defined by the action
I = 1
16πGD
∫
dDx
√−g
[D/2]∑
p=0
α(p)L(p) + Imatter , (1)
L(p) :=
1
2p
δ
µ1···µpν1···νp
ρ1···ρpσ1···σpR
ρ1σ1
µ1ν1 · · ·R ρpσpµpνp , (2)
where α(p) is an arbitrary constant with dimension (length)
2(p−1), and L(p) is the Euler density of a 2p-dimensional
manifold. The δ symbol denotes a totally antisymmetric product of Kronecker deltas, normalized to take values 0
and ±1 [1], which are defined by
δ
µ1···µp
ρ1···ρp :=p! δ
µ1
[ρ1
· · · δµpρp]. (3)
The quantity α(0) is related to the cosmological constant Λ by α(0) = −2Λ. Among these terms, the first term is
the cosmological constant term (Λ), the second term is the Einstein GR term (R) term, and the third term is the
second-order Gauss-Bonnet contribution [2] given by
LGB = R2 − 4RcdRcd +RcdefRcdef . (4)
The special case in Lovelock gravity that received most significant attention is the so-called Einstein-Gauss-Bonnet
gravity [2], which naturally appears in the low energy effective action of heterotic string theory [3], and then the
action (1) reduces to
I = 1
16πGD
∫
dDx
√−g [R− 2Λ + αLGB] . (5)
The parameter α has dimension of (length)2 and we assume that α is positive. From the action, we obtain the
following field equations [4]
Gab = κ2Tab − Λgab + α
2
Hab, (6)
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2where Gab = Rab − 12Rgab is the Einstein tensor, Tab is the energy momentum tensor of matter fields, and
Hab := LGBgab − 4(RRab − 2RacRcb − 2RacbdRcd +RacdeR cdeb ), (7)
is the Lanczos tensor. The Einstein-Gauss-Bonnet gravity is important in exploring many conceptual issues of gravity
in a more general setup, e.g., existence and uniqueness theorems, black hole thermodynamics, and entropy, their
horizon properties.
Let us consider maximally symmetric spacetimes in Einstein-Gauss-Bonnet gravity such that
Rabcd = K (gacgbd − gadgbc) , (8)
with the curvature scale
K := − 1
2α˜
[
1±
√
1 +
8α˜Λ
(D − 1)(D − 2)
]
, (9)
α˜ := (D − 3)(D − 4)α, (10)
that solves the field equations (6). Only in the “−” branch we have K = Λ/3 in the limit of α → 0. Although the
“+” branch seems physically less important, it is interesting to note that even when Λ = 0 we have K < 0, namely,
AdS spacetime.
The spherically symmetric static black hole solution in Einstein-Gauss-Bonnet theory was first obtained by Boulware
and Deser [4]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2γijdx
idxj , (11)
where γij is a metric of the constant curvature (D − 2)-space parameterized by k = 0 (flat space), +1 (sphere), −1
(hyperboloid), and
f(r) = k +
r2
2α˜
[
1±
√
1 +
8α˜Λ
(D − 1)(D − 2) +
4α˜M
rD−1
]
, (12)
withM being the constant of integration identified as gravitational mass. Later several interesting black hole solutions
were obtained for various sources [5–7] including the colored black holes solution of Yang-Mills-Dilaton-Gravity system
in the presence of a Gauss-Bonnet term [8]. It was proved that in the Einstein-scalar-Gauss-Bonnet theory with a
coupling function the no-hair theorems are easily evaded, and also lead to a large number of regular black hole
solutions [9–11] and other regular black holes are solutions of Einstein-Gauss-Bonnet theory coupled to nonlinear
electrodynamics [12].
Henceforth we will restrict our attention to the spherical case k = 1. It turns out that the Gauss-Bonnet term is a
topological invariant in D = 4 as its contribution to all the components of Einstein’s equation are in fact proportional
to (D − 4) and one requires D ≥ 5 for non-trivial gravitational dynamics. However by rescaling the Gauss-Bonnet
coupling constant α as
α→ α
(D − 4) , (13)
and in this singular limit, the effective Einstein-Gauss-Bonnet theory of gravity leads to non-trivial contributions
in the gravitational dynamics preserving the number of degrees of freedom and remains free from the Ostrogradsky
instability [13]. Further, this extension of Einstein’s gravity bypasses all conditions of Lovelock’s theorem [15], and
is also free from the singularity problem. This 4D novel Gauss-Bonnet theory of gravity already attracted several
researchers and the charged counterpart of spherically symmetric black holes were also found [16]. Among other
probes in the theory include discussion on the the innermost stable circular orbit (ISCO) [17], black hole stability
and quasi-normal modes [18], construction of rotating counterparts to discuss black holes shadows [19, 20], and also
extension of the theory to more general settings [21].
It is the purpose of this letter to obtain a class of nonstatic solutions describing radiating black holes in the 4D
novel Gauss-Bonnet theory of gravity. We discuss how higher order curvature corrections alter black hole solutions
and their qualitative features that we know from our knowledge of black holes in GR. Vaidya [22] discovered the
radiating black hole which is a solution of Einstein’s equations with spherically symmetric radially propagating null
fluid. The Vaidya [22] geometry offers a more realistic background than static geometries, where all back reactions are
3ignored (see, Refs. [23] for Vaidya solutions in GR and [24] for higher-dimensional Vaidya-like solutions). Also, several
Vaidya-like spherical radiating black hole solutions have been explored in Einstein-Gauss-Bonnet gravity [25, 26].
The Vaidya metric has been widely utilized for various purposes: (i) as a testing ground for the Cosmic Censorship
Conjecture (CCC) [28], (ii) as an exterior solution in gravitational collapse models with heat conducting matter [29],
(iii) to discuss Hawking radiation and the black hole evaporation [30], and also in the (iv) stochastic gravity program
[31].
The family of solutions discussed here belongs to a type II fluid. However, when the matter field degenerates to a
type I fluid, we can regain the static black hole solutions [13]. In particular, our results in the limit α → 0 generate
models vis-a`-vis 4D relativistic solutions [32].
II. BLACK HOLES IN THE NOVEL 4D EINSTEIN-GAUSS-BONNET GRAVITY
We begin discussing a static spherically symmetric black hole in the 4D novel Einstein-Gauss-Bonnet gravity [13],
where the action for the theory is Eq. (1) with the coupling constant α rescaled to α/(D−4). For maximally symmetric
spacetimes, the Riemann tensor reads
Rabcd =
K
D − 1
(
δac δ
b
d − δadδbc
)
, (14)
the variation of the Gauss-Bonnet term in this case evaluates to
gbc√−g
δLGB
δgac
=
α(D − 2)(D − 3)
2(D − 1) K
2δab . (15)
Obviously, because of the rescaled Gauss-Bonnet coupling α/(D − 4), the variation of the Gauss-Bonnet action does
not vanish in D = 4. In the limit D → 4, we obtain two branches of solution as [13]
K± = − 3
4α
[
1±
√
1 +
8αΛ
3
]
. (16)
Thus the novel Einstein-Gauss-Bonnet gravity admits both branches of the solution in 4D. Further, it admits
spherically symmetric black holes generalizing the Schwarzschild black holes and can have two horizons depending on
the critical mass [13]. The solution, in the r → ∞ limit, the “−” branch leads to the GR Schwarzschild black hole,
whereas the “+” branch gives the Schwarzschild-de Sitter model [13, 16]. Henceforth, we shall restrict ourselves to
the “−” solution. The solution in [13] actually was also found earlier in the gravity with a conformal anomaly [14].
A. Radiating black holes
The main aim of this work is to find a nonstatic spherically symmetric spacetime, i.e., derive the Vaidya-like radiating
black holes the 4D novel Einstein-Gauss-Bonnet gravity for the null dust as source having energy momentum tensor
Tab = ψ(v, r)βaβb, (17)
with ψ(v, r) being the nonzero energy density and βa is a null vector such that βa = δ
0
a, βaβ
a = 0. Expressed in terms
of Eddington coordinates, the metric of general spherically symmetric spacetime in D-dimensions [32] is given by
ds2 = −A(v, r)2f(v, r) dv2 + 2ǫA(v, r) dv dr + r2γijdxidxj , (18)
where {xa} = {v, r, θ1, . . . θD−2}. For null dust, Tvr must be non-zero and T vv = T rr for the null energy condition.
Using T vr = 0, we get A(v, r) = A(v) which could be set as 1 by redefining time. It is useful to introduce a local mass
function m(v, r) defined by
f(v, r) = 1− 2m(v, r)
(D − 3)r(D−3) .
For m(v, r) = M(v) and A = 1, the metric reduces to the D-dimensional Vaidya metric [32, 33]. Let us consider the
metric (18) with stress tensor (17) and apply the procedure in [13, 16]. Now, in the limit D → 4, the (r, r) equation
of (6) reduces to [
r2 + 2α(1− f)
] 1
r3
∂f
∂r
− 2
[
r2 − α(1− f)
]1− f
2r4
= 0. (19)
4Solving Eq. (19), we obtain
f(v, r) = 1 +
r2
4α
[
1±
√
1 +
16αM(v)
r3
]
, (20)
where M(v) is positive and an arbitrary function of v identified as mass of the matter. The special case in which
M˙(v) = 0, Eq. (20) leads to the Schwarzschild solution [13] of the theory in Eddington-Finkelstein coordinates. This
metric is indeed a solution of the field equations (6) and again, there are two families of solutions which correspond
to the sign in front of the square root in Eq. (20). In the GR limit α → 0, the minus-branch solution reduces to the
Vaidya solution [22, 24]. From T rv = G
r
v, in the limit D → 4, we obtain the energy density of the null fluid as
ψ(v, r) =
1
r2
dM
dv
. (21)
The family of solutions discussed here, in general, belongs to a Type II fluid defined in [34]. WhenM(v) =M=const.,
we have ψ=0, and the matter field degenerates to a Type I fluid [23], and we can generate static black hole solutions
obtained in Ref. [13]. Indeed the static black hole solutions in Eddington-Finkelstein coordinates can be recovered
by setting M(v) =M , with M as constant, in which case f(v, r)→ f(r). In the static limit, we can obtain from the
metric (18), the usual form by means of the coordinate transformation
dv = A(r)−1
(
dt+ ǫ
dr
f(r)
)
. (22)
In the case of spherical symmetry, even when f(r) is replaced by f(t, r), we can cast the metric in the form (18) [35].
a. Energy conditions: The weak energy condition (WEC) demands that the energy momentum tensor obeys
Tabw
awb ≥ 0 for any timelike vector, i.e., while the strong energy condition (SEC) holds for Type II fluid if WEC is
true, i.e., both WEC and SEC, for a Type II fluid, are identical [23, 34].
The dominant energy conditions (DEC) holds when for a timelike vector wa, T
abwawb ≥ 0, and T abwa is a non-
spacelike vector. This, in general, is satisfied if ψ(v, r) > 0 giving a restriction on the choice of the function M(v).
Since T rv is the only non-zero component, from Eq. (21), we observe ψ(v, r) > 0 requires
˙M(v) > 0 and all the
energy conditions are obeyed.
III. STRUCTURE OF THE HORIZONS
In this section, we discuss the structure and location of three black hole surfaces viz., time-like limit surface (TLS),
event horizon (EH) and apparent horizon (AH) of the radiating black hole (20) in the 4D novel Einstein-Gauss-
Bonnet gravity, and compare with the GR case. It turns out that for the static spherically symmetric Schwarzschild
black hole (which does not radiate), the three horizons degenerate to r = 2M . While for nonstatic Vaidya black hole,
with small luminosity LM , where spherical symmetry is still respected, one has TLS = AH , but EH 6= AH . The
mass of the black hole is defined by M(v) and the luminosity due to loss of mass is given by LM ≈ −dM/dv, LM < 1
measured in the region where d/dv is timelike [36].
Let us suppose that v = const. is a ingoing surface with null tangent vector (normal) la, the metric of v = const.
will degenerate to the 2D surface γab [36]
γab = r
2δθaδ
θ
b + r
2 sin2 θδϕa δ
ϕ
b , (23)
and also we define the outgoing null geodesics by the tangent vector βa such that
βa = −δva, la = −
1
2
f(v, r)δva + δ
r
a, (24)
lal
a = βaβ
a = 0, laβ
a = −1, laγab = 0,
γab β
b = 0, (25)
with f(v, r) given by Eq. (20). Then one has that
gab = γab − laβb − βalb. (26)
The optical behavior of null geodesics congruences is governed by the Raychaudhuri equation [37–39]
dΘ
dv
= KΘ−Rablalb − 1
2
Θ2 − σabσab + ωabωab, (27)
5with expansion Θ, twist ω, shear σ, and surface gravity K. Here we are interested in the outgoing null geodesics. The
expansion of the null rays parameterized by v is given by
Θ = ∇ala −K, (28)
where the ∇ is the covariant derivative and on the horizon the surface gravity can be calculated using
K = −βalb∇bla. (29)
If v is the time parameter and λ is affine parameter related to v by K = λ¨(λ˙−1). The TLS can be obtained by solving
gvv = 0, which gives
rTLS =M(v) +
√
M(v)2 − 2α. (30)
The AH can be either null or spacelike and are defined as surfaces such that Θ ≃ 0 which implies that f = 0 [36].
Using Eqs. (24) and (29)
K =
r
4α
[
1−
√
1 + 16α
M(v)
r3
]
−
3M(v)
r2√
1 + 16αM(v)r4
. (31)
Then Eqs. (24), (28), and (31) yield the expansion parameter
Θ =
1
r
[
1 +
r2
4α
[
1−
√
1 + 16α
(
M(v)
r3
)]]
. (32)
From the Eq. (32) it is clear that AH is
rAH =M(v)±
√
M(v)2 − 2α, (33)
which means that the AH is the outermost marginally trapped surface for the outgoing photons due to the fact
that Θ ≈ 0 at r = rAH . Further, we observe that rTLS = rAH and the AH is also a timelike surface, for α → 0
then rAH = 2M(v). Hence, our solution reduces to the solution in Refs. [37, 39] in 4D space-time. The Hawking
temperature TAH can be determined through the relation TAH = K/2π.
For an outgoing null fluid, geodesics must obey the null condition
r˙ =
dr
dv
=
1
2
[
1 +
r2
4α
[
1−
√
1 + 16α
(
M(v)
r3
)]]
. (34)
which means an outgoing radial null geodesic satisfy (34). Differentiating r with respect to v, we obtain
r¨ =
rr˙
4α
(
1−
√
1 + 16α
M(v)
r3
)
+
LM
r +
3M(v)r˙
r2√
1 + 16αM(v)r4
. (35)
At the timelike surface rAH , one has r˙ = 0 and hence r¨ > 0 for L > 0. Hence the photon will escape from the rAH
and can reach arbitrarily large distance. This means that rAH cannot be EH . It means that the photon will stay
briefly at this surface.
The EH is a null three-surface defined by the locus of outgoing future-directed null geodesic rays that never manage
to reach arbitrarily large r. It means that the photons at EH are not accelerated thereby[
d2r
dv2
]
EH
≃ 0. (36)
Then Eqs. (31) and (32) can be used to put Eq. (36) in the form
KΘEH ≃
[
1
r2
∂f
∂v
]
EH
≃ −f(v, r)
r2EH
LM√
1 + 16α
(
M(v)
r4
EH
) , (37)
6where the expansion is
ΘEH ≃ 1
rEH
[
1 +
r2EH
4α
[
1−
√
1 + 16α
(
M(v)
r3EH
)]]
. (38)
For the null vectors la in Eq. (24) and the component of energy momentum tensor yields
Rabl
alb =
3
2r
∂f
∂v
. (39)
The Raychaudhuri equation, for the spherical symmetric case (σ = ω = 0), yields [36]:
dΘ
dv
= KΘ−Rablalb − 1
2
Θ2. (40)
Thus neglecting Θ2, Eqs. (37), (39) and (40), imply that[
dΘ
dv
]
EH
≃ 0. (41)
The EH in our case are therefore placed by Eq. (41), which admits the solution
rEH =M
∗(v)±
√
M∗(v)2 − 2α, (42)
where
M∗(v) =M(v)− LM
K
. (43)
The region between the AH and the EH , rEH < r < rAH , is defined as a quantum ergosphere, which does not exist
for a static black hole [36]. In the ergosphere, photons are locally trapped but, being outside the EH , they can cross
the AH at a later stage and propagate to infinity. Thus, because of Hawking evaporation, for the static Schwarzschild
black hole rEH = rAH . The results presented, in the limit α→ 0, go over to that of 4D Vaidya solutions [36].
IV. CONCLUSION
Einstein-Gauss-Bonnet gravity is a natural extension of GR to higher dimensions in which the first and second terms
in the action correspond, respectively, to the Ricci scalar and curvature squared Gauss-Bonnet term. It has several
additional nice properties than Einstein’s GR [40], but it is topological in 4D and does not make a contribution to
the gravitational dynamics. However in the 4D novel Einstein-Gauss-Bonnet gravity [13] the Gauss-Bonnet coupling
is scaled to α/(D− 4), leading to a non-trivial contribution in 4D spacetimes if we take the limit D → 4 while finding
equations of motion.
We have found exact Vaidya-like radiating black hole solutions in the 4D novel Einstein-Gauss-Bonnet gravity
which are characterized by the mass M(v) and the parameter α. We have shown that a radiating black hole has three
horizon-like loci, viz. AH , EH and TLS with rEH < rAH = rTLS . We showed that the effect of the coupling constant
α on the structure and location of these three horizon surfaces, which are changed when compared with analogous
GR case, is significant in the dynamical evolution of the black hole horizons with the effect of higher order curvature
in 4D.
The lack of exact solutions that are suitable to study gravitational collapse makes progress very difficult in studying
CCC as we are still far away from its proof. The Penrose [28, 41] CCC, in its weak version, essentially states that
any naked singularity which is created by evolution of regular initial data will be shielded from the external view
by an EH . According to the strong version of the CCC, naked singularities are never produced. Our solutions of
the 4D novel Einstein-Gauss-Bonnet gravity are dynamical which can be useful to get insights into a more general
gravitational collapse setting. Hence it would be interesting to consider gravitations collapse in this higher curvature
gravity in realistic 4D spacetimes which is being considered. Such studies will help to formulate the CCC in a precise
mathematical form.
Further, the results presented here are a generalization of previous discussions, of radiating black holes of GR,
to a more general setting. The possibility of generalization of these results to include rotation and to more general
Lovelock gravity theories [21] are interesting problems for future research.
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Appendix A: Charged radiating AdS black holes
Several extensions of Vaidya solutions in which the source is a mixture of a perfect fluid and null radiation have
been obtained in later years [42]. This includes the Bonnor-Vaidya solution [43] for the charged case; when we extend
to the novel 4D Einstein-Gauss-Bonnet gravity, the solution is given by
fc(r, v) = 1 +
r2
4α
[
1−
√
1 + 16α
(
M(v)
r3
− q(v)
2
2r4
− 1
2l2
)]
. (A1)
The minus-branch of solution (A1), in the GR limit α→ 0, recovers the Bonnor-Vaidya solution [43]. The luminosity
due to loss of mass is given by LM = −dM/dv, LM < 1 , and similarly due to charge by Lq = −dq/dv, where
LM , Lq < 1, both measured in the region where d/dv is timelike [36]. In order to further discuss the physical nature
of our solutions, as above, we calculate the their kinematical parameters with vanishing cosmological constant. We
obtain the surface gravity
K =
r
4α
[
1−
√
1 + 16α
(
M(v)
r3
− q(v)
2
2r4
− 1
2l2
)]
+
(
3M(v)
r2 − 2q(v)
2
r3
)
√
1 + 16α
(
M(v)
r3 − 2q(v)
2
r4 − 12l2
)
.
(A2)
Then the expansion of null ray congruence becomes
Θ =
1
r
[
1 +
r2
4α
[
1−
√
1 + 16α
(
M(v)
r3
− q(v)
2
2r4
− 1
2l2
)]]
. (A3)
The AHs are defined as surfaces such that Θ ≃ 0 and for 1/l2 = 0 and are given by
rAH =M(v)±
√
M(v)2 − q(v)2 − 2α (A4)
Here one sees that Θ = 0 implies f = 0, and also gvv(r = rAH) = 0 implies that AH = TLS in our non-rotational
case. As above, the EH are strictly null, and are defined to order of O(LM , Lq) [36]. The requirement for acceleration
of null-geodesic congruences at the EH is given in Eq. (36). An outgoing radial null geodesic which is parameterized
by v satisfies
dr
dv
= 1 +
r2
4α
[
1−
√
1 + 16α
(
M(v)
r3
− q(v)
2
2r4
− 1
2l2
)]
, (A5)
and
KΘEH =
LM
r2
EH
− q(v)Lq
r3
EH√
1 + 16α
(
M(v)
r3
EH
− q(v)2
r4
EH
− 1l2
) , (A6)
where the expansion is ΘEH ≃ fc(v, rEH)/(2rEH). The using Eqs. (39) and (40) we find that EH is given by (A4)
with M and q being respectively replaced by M∗ and q∗ [27], where M∗ and q∗ are the effective mass and charge
defined as follows
M∗(v) =M(v)− LM
κ
, q∗(v) = q(v)− Lq
κ
. (A7)
8The results in this section, for q(v) = 0, go over to the results presented in the main paper. In the limit α → 0 they
coincide with that of the Bonnor-Vaidya solutions.
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